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Considerable progress has been made in the development and improvement of passive modulators that can be used to generate stable trains of femtosecond pulses directly in cw laser resonators with wide-band solid-state active media. Apart from the traditional passive mode-locking methods involving the use of saturable absorbers, the most popular are methods in which lasers have an additional nonlinear [1 -6] or linear [7] [8] [9] resonator cavity in which self-mode-locking (SML) results from interference between a pulse which acquires an intensity-dependent nonlinear phase shift in an additional nonlinear resonator [10] or in the active medium [11] and a pulse that does not have such a phase shift.
An important advantage of two-resonator methods for SML is the ability to shorten effectively an ultrashort pulse to less than 200 fs because of the practically instantaneous nature of the third-order nonlinearity responsible for the nonlinear phase shift of a laser pulse. However, these systems are capable of generating stable ultrashort pulse trains only for a strictly defined mismatch between the resonator lengths, which should be maintained with interferometric precision throughout the lasing time.
This considerable complication of the system is avoided in one-resonator lasers with a polarisation modulator operating on the basis of the optical Kerr effect, involving self-precession of elliptically polarised radiation propagating in a nonlinear medium [12] [13] [14] [15] [16] [17] . However, traditional laser media exhibit a relatively weak optical Kerr effect, and the selection of a medium suitable for a modulator is limited by the slowness of the nonlinear response of strongly nonlinear media [15] .
This limitation can be avoided if we rely on a much stronger effect, self-phase-modulation, which ensures a nonlinearity of the polarisation of the radiation propagating in a birefringent medium because of an additional nonlinear phase shift between the polarisation components of the radiation field [18] [19] [20] [21] [22] [23] [24] . Obvious advantages of a modulator based on this effect are its instantaneous response on the scale of the characteristic times of the processes under discussion, a wide pass (transmission) band, and simplicity of tuning by altering the angular orientation of the modulator elements.
We shall report a detailed study of the dynamics of operation of a cw solid-state laser with such a nonlinear birefringent polarisation modulator, taking into account fluctuations in laser radiation. We shall also search for ways of increasing the efficiency of SML in systems of this kind for the purpose of the generation of highly stable ultrashortpulse trains.
Numerical modelling [11, 17, 25] included an analysis of transformation of the time profile of a laser radiation field of intensity / in the course of its multiple passage through a four-level amplifying active medium with the absorption and emission cross sections CTM and CT32, the maximum gain A m , and the excited-state relaxation time T 3 \ [26] . We assumed that the pump field had a constant flux density 7 P and that a spectral filter in the form of a Fabry -Perot etalon with a characteristic time t{ was used. This time governed the group delay of the field and was taken to be inversely proportional to the width of its pass band [27] . We allowed for linear losses (logarithmic loss factor F) and for the interaction with a nonlinear birefringent polarisation modulator.
The laser radiation field during the /fc-th trip was considered on a uniform mesh of local times tj with an interval At in a time window 0.057^, where r cav is the resonator cavity period. The initial field was assumed to be in the form of a noise S(tj) with a Lorentzian spectral profile, governed by the coherence time / co h [28] S(tj) = (1) where £(tj) is a random phase and S o is the noise level.
The noise was added to the field during each trip through the resonator. The field outside the window during the resonator period was approximated, in accordance with Eqn (1) for ? coh -> 00 and £,{tj) = 0, by a steady-state background of intensity N = s\, which interacted with the active medium and with the polarisation modulator [17, 29] .
Two different configurations of the birefringent polarisation modulator were considered. The first of them ( Fig.la) represented a birefringent element 2, which was placed in front of a mirror 1 and whose axes were x and y. Linearly polarised light from a polariser 3 reached this element at an angle fi relative to the x axis and the amplitude of this light was A [22] . After a double trip through the birefringent element the light in general should be elliptically polarised because of a nonlinear phase shift 25 between the x and y components of the field, where 5 = (2n/X)(n x -n y )L + 2nm; n x and n y are refractive indices for the x and y components of the field; L is the length of the birefringent element; m is an integer. It was assumed that at the exit from the polarisation modulator the light transmitted by the input polariser recovered its initial linear polarisation. The polariser could also be the active element with its ends cut at the Brewster angle.
The steady-state transmission T of such a birefringent polarisation modulator is shown in Fig. 2 (curves 1 and 2) . We can see that T can vary from zero to unity by a suitable selection of 5 and of the angle fi, and the period of T is TC/2 in terms of ^ and n in terms of 8.
The nonlinear operation of this birefringent polarisation modulator is ensured by the third-order nonlinearity of the birefringent element [18] . In the case of monoclinic crystalline media (symmetry groups 2, m, 2/m) considered in the electron approximation [30] and for m ^> 1 the evolution of the field along the element parallel to the z axis can be described by the following system of nonlinear equations:
where p is the nonlinear parameter proportional to the component jrt 11 "' of the fourth-rank susceptibility tensor. In the case of traditional nonlinear crystalline media with L = 1 cm and in a resonator whose period is 10 ns the normalised transmission coefficient iŝ Z,/(7 32 r cav = 0.001 -0.03 (in the case of <r 3 2 corresponding to AI2O3: Ti 3 + ).
The nonlinearity deforms the polarisation ellipse because of an additional nonlinear phase shift between the x and y components of the field, which ensures that the transmission of the polarisation modulator depends on the intensity of the laser radiation field. Calculations indicate that in the small-signal case the transmission of our polarisation modulator increases on increase in the intensity in the intervals TC/4 + nk\ /2 < fi < TC/2 + 7tfc, /2 for -TI/2 + nk 2 < S < nk 2 and nfc, /2 < fi < TC/4 + nk x /2 for 7ifc 2 < <5 < TC/2 + nk 2 (&i,2 = 0, 1, 2, ...), which correspond to the rising and falling branches of the dependence of T on fi (curves 1 and 2 in Fig. 2) .
It is particularly interesting to consider the dynamics of operation of a cw solid-state laser with a nonlinear birefringent polarisation modulator. The main variable parameters are 5, U p = GuT^I?, and pL/a 32 T C3V , and a system of this kind can generate a stable train of ultrashort pulses only for certain values of these parameters. We used the criterion of stable SML introduced earlier [25] and corresponding to a high energy concentration in ultrashort pulses, which is retained over at least 20% of the total lasing time. Fig. 3 shows the SML regions in the plane of the parameters U p and fi. Outside these regions there are various lasing regimes: below the lower boundary there is no SML, i.e. a lasing pulse is not formed from the noise background; above the upper boundary of the region the process of SML becomes ineffective, as manifested by the appearance of the satellites in the vicinity of the main pulse and a rapid change in its profile from one trip to another. The lower boundary corresponds to the second threshold in the case of passive mode-locking.
It is evident from Fig. 3 that the SML regions lie within the interval (3 = (0.4 to 0.9)TC/4 in agreement with the reported experimental results of Hofer et al. [22, 23] . The rise of fi is accompanied by an increase in the SML threshold because of a reduction in the initial transmission of the modulator (curves 1 and 2 in Fig. 2 ). However, this lifts the upper boundary of the SML region and ensures that it broadens along the parameter U p , i.e. the tuning of the system, so that it generates stable ultrashort-pulse trains, which is possible as a result of a major change in the pump intensity. This is due to an increase in the degree of bleaching of the modulator on increase in /? and, consequently, due to enhancement of its discrimination properties. It should be pointed out that the self-modelocking efficiency can be related to dT/dU for a small signal, where U = o^T^I is the normalised radiation intensity. This derivative describes the rate of bleaching of the modulator on increase in the laser radiation intensity (Fig. 4) . It is evident from Fig. 3 that the lowest selfmode-locking threshold and the largest 'width' of the relevant region along U p are located near /? = 0.6TI/4, which -according to Fig. 4a -corresponds to the maximum value of dT/dU and to the initial modulator transmission in excess of 70%. This is in agreement with the results reported by Hofer et al. [22, 23] .
Within the SML region the minimum duration of the ultrashort pulses is close to tf and the maximum intensity of the laser radiation is reached at the upper boundary of the region when /? ^ 0.6TC/4. A reduction in U p and /? reduces the radiation intensity and increases the duration of the ultrashort pulses, which can then reach (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) ?f.
It also follows from Fig. 3 that there is an optimal value of 2(5 close to -0.6TI (region 3 in Fig. 3 ) at which the selfmode-locking threshold is the lowest and the size of the corresponding mode-locking region is the largest, i.e. when the tuning of the system so that it generates stable trains of ultrashort pulses is possible in a wide range of the parameters the system. A reduction (regions 1 and 2) or an increase (region 4) of the absolute linear phase shift between the components of the field in a birefringent modulator leads to an increase in the SML threshold and reduces the efficiency of the locking process, which is characterised by contraction of the relevant locking regions. Moreover, for the optimal value of <5 the duration of the ultrashort pulses is the least. These results are in agreement with Fig. 4a , since the efficiency of the discrimination against the fluctuationinduced peaks in the laser radiation field, related to dT/dU, is highest near 28 = -0.6n (curve 2) and falls on reduction (curve 1) or increase (curve 3) of [<5| .
The SML threshold of our system can be reduced by using active [23] or passive [31] starters. Moreover, it is evident from Fig. 3 , where the dashed curve 5 represents the SML threshold for pL/<T 32 T CW = 002, that the threshold can be reduced by increasing the nonlinearity parameter of the birefringent element, i.e. either by increasing the length of the element or the ratio of the laser beam cross section in the active medium to the cross section of the beam in the birefringent element, which increases the intensity of laser radiation reaching the nonlinear element.
The positive features of such a birefringent polarisation modulator are its simplicity and the ability to ensure that the radiation field passes twice through the nonlinear element, but a greater latitude for the control of its properties is provided by a modulator of the second type described in Refs 15, 17, and 19 and shown in Fig. lb . It consists of an entry polariser 1 from which polarised light reaches a nonlinear birefringent element 2 at an angle a relative to the x axis. At the exit from the modulator the light, which has acquired a linear phase shift 8 between the x and y components of the radiation field and a nonlinear phase shift in accordance with (Eqn 2), is transformed back to the linear polarisation by an analyser 3 oriented at an angle /? relative to the x axis. Such a modulator makes it possible to vary considerably the degree of its bleaching for a fixed value of 8 by altering a. (curves 3 and 4 in Fig. 2) . The maximim degree of such variation is obtained when
This modulator of the second type has discrimination properties, i.e. it ensures a higher transmission of a signal of higher intensity in the intervals 7t/4 < a < 3n/4 when 0 < /! < TI/2 and -TI/4 < a < n/4 when TI/2 < /J < n in the case when -n < d < 0 (-7t/4 < a < n/4 if 0 < /? < jt/2 and it/4 < a < 3TC/4 if n/2 < ft < n when 0 < <5 < it) when the period is TC for a and /J and 2TC for 5. As in the preceding case, such a modulator ensures the most efficient mode locking, i.e. mode-locking characterised by the lowest threshold and the maximum size of the self-mode-locking region for a very specific value of 8.
It is evident from Fig. 5a that the optimal value is <5 w -0.471 (region 1). An increase (region 2) or a reduction (region 5) of the parameter | <5| results in contraction of the SML regions and in an increase of the mode-locking threshold. As in the preceding case, this could be explained by the existence of a maximum of dT/dU near 8 = -7t/2 (Fig. 4b) since the linear phase shift corresponding to the case of a A/4 plate ensures the maximum sensitivity of the system to a distortion of the polarisation ellipse because of nonlinear phase corrections to the x and y components. The behaviour of the duration and intensity of ultrashort pulses in different parts of the self-mode-locking region are exactly the same as in the case of the first modulator described above. A comparison of Figs 3 and 5 demonstrates that in the case of the modulator of the second type the self-modelocking efficiency, manifested directly by the size of the locking regions, depends less critically on d and that in the case of <5 = -0.2n there is still a fairly wide self-modelocking region. Moreover, in this case the rise of the selfmode-locking threshold on increase in /? is manifested more strongly (this is ensured by 'crossing' the output and input polarisers), which at low values of /? corresponds to a value approximately half that U p for the modulator of the first type when the parameter pL/ayiT^ is the same in both cases. Such a fast rise of the threshold in the limit fl -» TC/2 makes this type of modulator efficient as an auxiliary switch to filter off the noise in the generation of ultrashort pulses by other methods, and also in the suppression of satellites in the case of extracavity compression of ultrashort pulses [19] .
The changes in the self-mode-locking regions due to variation of a are demonstrated in Fig. 5b . The reduction of this angle from a = Q.2n to a = O.ln (regions 4 and 5 in Fig. 5b ) is accompanied by a reduction in the self-modelocking threshold and by an expansion of the mode-locking region, in spite of the reduction in the initial transmission of the modulator when /J > n/4 (curves 3 and 4 in Fig. 2 ). This can be explained by the nature of the derivative dT/dU which has a maximum at a « O.ln for our values of 8 ( Fig. 4c) and which corresponds to the lowest self-modelocking threshold. A further reduction in <x (region 6 in Fig. 5b ) is accompanied by an increase in the locking threshold and a narrowing of the locking region because of a reduction in dT/dU (curve 3 in Fig. 4c ) and an increase in the initial modulator lossses, which become greater than 50%. Moreover, it is evident from Fig. 5 that the lowest self-modelocking threshold is observed near /J = jc/4, which is again related to the existence of a maximum of dT/dU (Fig. 4c) .
It therefore follows that in the case of the modulator of the second type we can have the optimal angular orientations of the polarisers of a w rc/10, P ~ Jt/4 and a phase shift of 5 « -n/2 in the birefringent element so as to ensure the lowest threshold and the maximum size of the SML regions.
We shall conclude by noting that numerical modelling of SML in a cw solid-state laser with nonlinear birefringent modulators of two types demonstrates the existence of closed (in respect of the parameters of the laser system) regions within which we can expect generation of highly stable trains of ultrashort pulses of durations close to the limit set by the width of the pass band of the frequency filter. An analysis of the general relationships governing the SML in systems of this kind has made it possible to find the optimal values of their parameters such as the linear phase shift of the field components in the birefringent element and the angular orientations of the elements of the polarisation modulator, which ensure the maximum mode-locking efficiency.
